Introduction
The IceCube Neutrino Observatory has detected a diffuse flux of high-energy neutrinos (Aartsen et al. , 2013 . However, until recently no compelling evidence for spatial or temporal clustering of events had been identified and the origin of the neutrinos was unknown . The arrival directions of IceCube neutrinos are compatible with an isotropic distribution, suggesting a predominant extra-galactic origin of the cosmic neutrinos. Among the most promising source candidates are (low luminosity) gamma-ray bursts, choked-jet and interacting supernovae, tidal disruption events, star forming galaxies and active galactic nuclei (AGN) -see Ahlers & Halzen (2015) for a recent review. In general, high-energy neutrinos are produced through interactions of cosmic rays with ambient matter or photon fields. Charged and neutral pions produced in those interactions produce neutrinos and gamma rays, respectively, in their decay chain.
Blazars, those AGN with a relativistic jet of plasma pointing towards the observer, have been suggested as high-energy cosmic-ray accelerators and, in turn, neutrino sources (e.g. Mannheim 1995; Stecker 2013; Padovani & Resconi 2014; Murase 2015; Tavecchio & Ghisellini 2015; Kadler et al. 2016; Krauß et al. 2016) . In their jets, protons (as well as electrons) might be accelerated and interact with lower-energy photons (e.g. produced by the accretion disk or other external fields) and produce neutrinos and gamma rays.
The spectral energy distribution (SED) of blazars exhibits two broad bumps. While the lower-energy one is thought to arise from synchrotron radiation of primary electrons, the origin of the higher-energy one is still a matter of debate. Both leptonic and hadronic models are capable of adequately reproducing the observed emission for most sources.
Hints of correlation between neutrinos and blazar positions have been suggested by several groups (e.g. Kadler et al. 2016; Padovani et al. 2016; Krauß et al. 2016; Lucarelli et al. 2019) . It is evident that multi-messenger studies are crucial to probe various source classes as potential neutrino emitters (Bartos & Kowalski 2017) , as well as shed light onto the emission mechanisms of blazars.
To enable an efficient search for transient electromagnetic counterparts to the high-energy astrophysical neutrino signal, IceCube has implemented a realtime program ). The program selects high-energy neutrinos of likely cosmic origin within seconds of their detection at the South Pole, and distributes the information of the reconstructed neutrino direction to a network of follow-up instruments. On September 22, 2017, the program released an alert reporting a well-reconstructed >100 TeV event, IceCube-170922A. Shortly after, the Fermi Large Area Telescope (LAT) collaboration reported the detection of a potential electromagnetic counterpart in spatial coincidence with this high-energy neutrino event (Tanaka et al. 2017) . The gamma-ray signal was consistent with the known gamma-ray blazar, TXS 0506+056, which at the time of the IceCube trigger was in a state of enhanced activity (Aartsen et al. 2018a ). Subsequently, >100 GeV gamma-ray emission was detected from TXS 0506+056 for the first time by the Major Atmospheric Gamma Imaging Cherenkov Telescopes (MAGIC, Aartsen et al. 2018a; Ansoldi et al. 2018) , which was later confirmed by the Very Energetic Radiation Imaging Telescope Array System (VERI-TAS, Abeysekara et al. 2018) . Searches with the ANTARES neutrino telescope yielded no convincing evidence of additional neutrino emission related to the source (Albert et al. 2018) .
The chance probability for a neutrino detection in spatial coincidence with the flaring blazar was estimated to 3σ (Aartsen et al. 2018a ). An archival search for additional >100 GeV neutrinos from the location of TXS 0506+056 led to the discovery of a candidate neutrino flare between September 2014 and March 2015 at 3.5σ significance (Aartsen et al. 2018b ). The possible detection of neutrino emission from the blazar has motivated several attempts to model the multi-wavelength spectral energy distribution of TXS 0506+056, assuming simultaneous leptonic and hadronic emission in so-called hybrid models (see e.g. Gao et al. 2018; Ansoldi et al. 2018; Cerruti et al. 2019; Keivani et al. 2018) .
A second spatial coincidence was pointed out in Aartsen et al. (2018a) of an archival high-energy neutrino event with the Fermi source 3FGL J1040.4+0615.
In this paper we carry out a study of potential Fermi gamma-ray counterparts to the high-energy events observed by IceCube. Presented is a detailed investigation of the candidate electromagnetic counterparts found in spatial connection to two high-energy IceCube neutrino alerts.
Search for high-energy neutrinos in coincidence with gamma-ray sources
The IceCube neutrino observatory is a cubic kilometer scale Cherenkov detector located at a depth of 1450 m to 2450 m in the clear ice of the geographic South Pole. A total of 5160 digital optical modules are located on 86 strings arranged in a hexagonal grid to detect Cherenkov light emitted by secondary charged particles produced in neutrino interactions in or close to the instrumented detector volume ).
The sample of neutrinos considered in this study is based on the high-energy neutrino events observed by the IceCube detector from 2010 to 2017, and satisfying the IceCube realtime trigger criteria. This includes ten published realtime alerts (up to and including IceCube-170922A) and forty archival events 1 . Among the latter, five are flagged because of their poor angular reconstruction, which would have caused them to be retracted as realtime alerts. To reduce the number of chance coincidences, we apply the same sample selection cut of Aartsen et al. (2018a) and restrict the study to events with a 90% angular uncertainty 2 smaller than 5 deg 2 . Eight events do not satisfy this criteria and are thus discarded. The final neutrino sample consists of thirty seven well-reconstructed events. Each event is cross checked with the Third Fermi -LAT Point Source Catalog (3FGL, Acero et al. 2015) and the Third Fermi -LAT Catalog of High-Energy Sources (3FHL, Ajello et al. 2017) to search for spatial coincidences with known gamma-ray sources.
Among the remaining 37 neutrino events, besides the IceCube-170922A/TXS 0506+056 occurrence, one additional spatial coincidence with a gamma-ray source is confirmed in this search. The gamma-ray source 3FGL J1040.4+0615 , which is associated with GB6 J1040+0617, a BL Lac object with redshift 0.7351±0.0045 (Maselli et al. 2015; Ahn et al. 2012) 3 , is lo-1 https://icecube.wisc.edu/science/data/TXS0506_alerts 2 We note that the uncertainty contours considered here are a result of the processing techniques applied at the time and may experience small changes with future analysis improvements that reflect more accurate treatment of the systematic uncertainties. 3 We note that the redshift measurement might be unreliable given that the automatic extraction was flagged by the SDSS pipeline, which indicates a poorly determined redshift.
cated within the 90% uncertainty of the well-reconstructed neutrino IceCube-141209A. We focus on the potential astrophysical counterparts of these two high-energy neutrinos, and present a detailed investigation of the gamma-ray properties enabled by the continuous all-sky coverage of the Fermi -LAT.
Fermi -LAT data
The Fermi -LAT is a pair-conversion telescope sensitive to gamma rays with energies from 20 MeV to greater than 300 GeV (Atwood et al. 2009 ). It has a large field of view and scans the entire sky every three hours during standard operation, making it well suited to monitor variable gamma-ray sources on different timescales, from seconds to years.
In this study we use 9.6 years of Pass 8 Fermi -LAT data collected between 2008 August 4 and 2018 March 16 (MJD 54682-58193) selecting photons from the event class developed for point source analyses 4 . We perform a likelihood analysis, binned in space and energy, using the standard Fermi -LAT ScienceTools package version v11r5p3 available from the Fermi Science Support Center 5 (FSSC) and the P8R2_SOURCE_V6 instrument response functions, together with the fermipy package v0.16.0. We analyse data in the energy range of 100 MeV to 1 TeV binned into eight logarithmically-spaced energy intervals per decade. To minimize the contamination from gamma rays produced in the Earth's upper atmosphere, we apply an instrument zenith angle cut of θ < 90
• . We remove time periods coinciding with solar flares and gamma-ray bursts detected by the LAT. The effect of energy dispersion is included in the fits performed with the Fermi -LAT ScienceTools.
In the analysis of GB6 J1040+0617, an additional data cut is applied to remove the time periods when the Sun was located less than 15
• from the source position. This additional cut is necessary because the position of GB6 J1040+0617 lies very close to the ecliptic.
For each source, we select a 10 • × 10
• region of interest (ROI) centered on the source position, binned in 0 • .1 size pixels. The binning is applied in celestial coordinates using an Aitoff projection. The input model for the ROI includes all known gamma-ray sources from the 3FGL catalog in a region of 15
• × 15 • , slightly larger than the ROI, and the isotropic and Galactic diffuse gammaray emission models provided by the standard templates iso_P8R2_SOURCE_V6_v06.txt (extrapolated linearly in the logarithm up to 1 TeV) and gll_iem_v06.fits 6 . Given the different and longer integration time of our analysis with respect to the 3FGL, we search for new gamma-ray sources that were too faint for being included in the 3FGL. New putative point sources are modeled with a single power law spectrum, with index fixed to 2 and normalisation free to vary in the fit. The search procedure is iterated until no further significant (TS dec >25) excess is found. The new point sources significantly detected in the longer-integration time dataset are accounted for by the final ROI model. 80°00' 79°00' 78°00' 77°00' 76°00' 75°00' −0.65 (J2000 equinox). The traversing muon deposited an energy of (23.7 ± 2.8) TeV in the detector. The primary neutrino energy was estimated to be ∼ 290 TeV and the fraction of neutrino events with this energy and arrival direction in the EHE alert stream that have an astrophysical origin is 56.5% (see Aartsen et al. 2018a , for details).
IceCube-170922A
The gamma-ray blazar TXS 0506+056 is positionally consistent with IceCube-170922A, and it was undergoing a prolongued enhanced emission state at the time of the neutrino detection. This motivated a further search for neutrino emission from the direction of IceCube-170922A, in the whole IceCube archival dataset. A time-dependent analysis of 9.5 years of archival IceCube data (Aartsen et al. 2018b ) revealed an excess of detected neutrinos from the direction of TXS 0506+056 between 2014 September and 2015 March, with a post-trials significance of 3.5σ . This excess was found using time-windows of variable width, with both a box-shaped and a Gaussian kernel finding the same excess with comparable significance. The best-fit Gaussian is centered at MJD 57004 with a width corresponding to two times the standard deviation of 110 days and the box function covers the 158-day time range between MJD 56928 and 57086. The fit based on the box function provides a straightforward definition of the start and end times of the fitted neutrino emission. We note that, assuming that the signal is Gaussian, one can show analytically that the optimal boxshaped time window in terms of signal/sqrt(background) is 1.5 times the width of the Gaussian, which matches well with the length of the box time window that was found. In the following, we refer to this excess as the neutrino flare and adopt the parameters of the box kernel.
The gamma-ray source TXS 0506+056 at Dec= +5 • .69, RA= 77 • .36 lies well within the 50% neutrino error circle at a distance of 0 • .1 from the best fit neutrino position (see the gamma-ray count map in Fig. 1 ). The source is listed in the 3FGL as well as 3FHL as 3FGL J0509.4+0541 and 3FHL J0509.4+0541, respectively (Acero et al. 2015; Ajello et al. 2017) . The 3FGL catalog is based on gamma-ray data in the energy range of 100 MeV to 300 GeV, whereas the 3FHL catalog is focused on energies above 10 GeV. We note that TXS 0506+056 is also in the 2FHL (Ackermann et al. 2016 ) catalog based on gamma-ray data above 50 GeV identifying it already as a potential target for very-high-energy gamma-ray emission. TXS 0506+056 is among the brightest 4.4% (5.9%) sources in 3FGL (3FHL) in terms of gammaray energy flux within the energy bounds of the corresponding catalog (see also Padovani et al. 2018) . We consider the gamma-ray energy flux more likely to be correlated with the neutrino flux than the gamma-ray number flux. Gamma rays accompanying the neutrino production are likely to cascade down to lower energies, not conserving the number flux, but the energy flux. The redshift of TXS 0506+056 was measured to be z = 0.336 by Ajello et al. 2014 (later confirmed by Paiano et al. 2018 , z = 0.3365 ± 0.0010).
Spectral Analysis
We analyse 9.6 years of Fermi -LAT data in the TXS 0506+056 region starting from 100 MeV. The sourcefinding algorithm finds one additional source with T S det 7 > 25 at a distance of 2 • .37 from TXS 0506+056. This source is also included in the preliminary 8-year source list, FL8Y, provided by the Fermi -LAT collaboration 8 as FL8Y J0518.4+0715.
In the 3FGL catalog (based on 4 years of data) the SED of the source is modeled with a power-law function. We find that for the almost ten-year data set a log-parabola model is preferred with a test statistic (T S) testing the different spectral shape models of T S SS = −2(log L P L − log L LP ) = 374.3 (i.e. the log-parabola model describes the data better with a significance of 19σ). Here L P L and L LP are the maximum likelihoods evaluated for the power-law and logparabola spectral model respectively.
7 T S det describes the difference in the maximum log L of an ROI model with and without the source. We obtain a best-fit model of α = 2.03±0.02, β = 0.05± 0.01 and N 0 = (4.16±0.08)×10
−12 cm −2 s −1 MeV −1 (Fig. 2 , gray SED). The scale parameter E b is fixed to 1.44 GeV.
We follow the standard parameter definitions:
The SED of the neighboring source PKS 0502+049 (Dec=+4 • .99, RA=76 • .35, J2000), located 1 • .23 from TXS 0506+056, is well-modeled by a log-parabola function with best fit values of α = 2.34 ± 0.02, β = 0.10 ± 0.01 and N 0 = (1.08 ± 0.02) × 10 −11 cm −2 s −1 MeV −1 . Although TXS 0506+056 is less bright than PKS 0502+049 for energies below 1 GeV, its energy flux integrated over the whole analysis energy range results in (5.10 ± 0.18) × 10 −5 MeV cm −2 s −1 compared to (4.18 ± 0.08) × 10 −5 MeV cm −2 s −1 of the nearby source. The gamma-ray sky region is well described by the bestfit model, as can be seen in the residual map shown in Fig. 1 (bottom left), which does not show any significant structure.
Light Curve Analysis
We produce an adaptively-binned (AB) light curve for TXS 0506+056, following the procedure in Lott et al. (2012) . We choose a time binning which yields 15% flux errors in an energy range from 300 MeV 9 to 1 TeV, and perform a likelihood fit in each bin using a power-law model 10 for TXS 0506+056 while allowing the spectral parameters of the closest neighboring sources to vary. The flux and spectral index variation are shown in Fig. 3 .
To identify and characterize statistically-significant variations in the light curve, we apply the Bayesian Block algorithm outlined in Scargle et al. (2013) , using the corresponding Astropy implementation 11 . To determine the optimal value of the prior for the number of blocks, we use the empirical relation evaluated in Scargle et al. (2013) for the probability to falsely report a detection of a change point. This probability, which represents the relative frequency with which the algorithm reports the presence of a change point in data with no signal present, was set to 0.05.
While the largest historical gamma-ray outburst for TXS 0506+056 occurred in 2017 in coincidence with IceCube-170922A (see Fig. 3 ), the source does not display any remarkable activity during the neutrino flare in 2014/15. Also the gamma-ray spectral shape is compatible with the average over the whole mission. The spectral index shows small variations with respect to the average index of 2.11, and the source shows no obvious extended time periods of hardening or softening, over the full 9.6-year time range.
To further investigate the object's behavior during the neutrino flare, we derive the best-fit model for the region using a time window coincident with the 158-day neutrino excess. We then use the likelihood technique to robustly quantify any potential spectral change of the TXS 0506+056 gamma-ray spectrum with respect to the average one. The likelihood ratio tests the hypothesis H 0 , i.e. the gammaray spectral shape is identical to the average one, against the hypothesis H 1 , i.e. an alternative spectral shape. The H 0 model allows only the normalization of TXS 0506+056 to vary in the fit, while the spectral index is fixed to the average values obtained from the 9.6-years analysis. The H 1 has the spectral index of the power-law model for TXS 0506+056 as an additional free parameter. All the other sources in the ROI, along with the Galactic and isotropic diffuse models, have the spectral parameters (including the normalisation) fixed to the 9.6-years fit results for both hypotheses. We define the test statistic to describe spectral change as T S SC = −2(log L 0 −log L 1 ), where L 0 is the likelihood of the whole ROI for the null hypothesis, and L 1 is the one corresponding to the alternative hypothesis H 1 .
We repeat the analysis for various lower energy thresholds, E min , of 0.1, 0.5, 1, 2 and 10 GeV and modeling TXS 0506+056 with two different spectral shapes, i.e. power-law and log-parabola. The results are summarized in Table 1 . Note that in the case of the log-parabola spectral shape two additional parameters (α and β) are left free in the H 1 model with respect to H 0 12 . According to 9 The lower energy bound corresponds to the decorrelation energy, also referred to as optimum energy, defined in Lott et al. (2012) . 10 On the short time scales considered here, the photon statistics are low and the source is well described by a power-law model. 11 http://docs.astropy.org/en/stable/api/astropy.stats. bayesian_blocks.html 12 The value of E b is always fixed, see Massaro et al. (2004) Wilks' theorem the T S distribution can be assumed to follow a χ 2 distribution with one or two degrees of freedom for the power-law or log-parabola spectral model, respectively. The p-value obtained from the χ 2 distribution is converted to a Gaussian equivalent two-sided significance in units of sigma. For all tested cases, the p-value of the spectral change is 4% or greater, providing no significant evidence in favor of a hardening or softening. Padovani et al. (2018) found a spectral hardening during the neutrino flare in the energy range > 2 GeV with a 2% p-value. In their analysis the lower threshold of > 2 GeV was chosen to avoid source confusion at lower energies with the neighboring source PKS 0502+049. By including the PKS 0502+049 parameters as additional free parameters in our ROI model, we overcome the problem of source confusion, resulting in no significant residuals in the region of the two sources (see Fig. 1 ). For the specific choice of E min = 2 GeV, we confirm the p-value of 2% found by Padovani et al. (2018) using a power-law model during the 110 days time window given by the width of the Gaussian kernel in the neutrino flare search. In the box window width of 158 days we obtain a slightly lower significance of 2.1σ (p-value of 3.9%) for the same spectral model. For other choices of E min we find lower significances (see Table  1 ).
In addition, we investigate possible patterns in the highenergy photons (>10 GeV) which have a probability of association with TXS 0506+056 of > 80%
13 (see Table 2 ). Under the hypothesis of a simple correlation between the gamma-ray and neutrino emission in blazars, the highest gamma-ray energies accessible by the LAT may be the best available tracer for high-energy neutrino emission in the absence of TeV gamma-ray observations. During the neutrino flare, we find six photons above 10 GeV, among which two are with energies above 50 GeV. For comparison, we look at the number of expected photons assuming the spectral shape during the non-flaring period of MJD 55800-56500 14 and fitting the normalization in the 158-day time window, obtaining 4.44 (0.69) photons above 10 (50) GeV. We find that the number of high-energy events observed during the neutrino flare is compatible with the typical gamma-ray behavior of TXS 0506+056 during the 9.6 years of LAT monitoring. The small excess of high-energy photons at face value has a p-value of 15% corresponding to a one-sided Gaussian equivalent significance of 1σ. The highest-energy photon associated with TXS 0506+056 over the 9.6-year period was detected on MJD 56819 and has an energy of 159.3 GeV.
A closer investigation of the bright gamma-ray flare in 2017 shows significant structure, which is highlighted by the Bayesian Block algorithm (see Fig. 4) . We obtain SEDs for the three brightest sub-flares ranging from MJD 57881-57963, 57983-58062 and 58088-58130 and repeat the search for spectral change applied during the neutrino flare period. We find T S SC values (starting from 100 MeV) of 3.5, 3.4 and 1.77 using a log-parabola function with two extra degrees of freedom pointing to similar spectral shapes compared to the average 9.6-years SED. The normalization during the sub-flares is 6.09, 6.37 and 5.1 times larger compared to the low-state defined over 700 days. Integrating over the whole flare duration we find 39 (5) photons above 10 GeV (50 GeV), which is compatible with the expected number of photons assuming the average spectral shape and a normalization fitted in the flare time window of 44.37 (4.16).
IceCube-141209A
The (a) Significance in σ assuming a Gaussian equivalent two-sided probability. Notes.
(a) Angular distance to TXS 0506+056.
(b) Probability to be associated with TXS 0506+056 obtained with gtsrcprob.
row grid with about 0 • .06 distance between the grid points. The resulting map of the likelihood landscape allows us to find the global minimum and the error contours at a given confidence level. The final best fit position and the 90% confidence regions are shown in Fig. 1 . The position of the contour line is determined using a simulation of events with similar energy and trajectory through the detector as the event observed, while also varying the modeling of the optical properties of the deep glacial ice within the range allowed by systematic uncertainties, in order to obtain a conservative range. The minimum yields our best estimate of the event direction: Dec=6 • .84 and RA=159 • .70 (J2000 equinox) and a 90% containment angular uncertainty region of 2.24 sqdeg. We note that the best fit location moved and the 90% error region increased with respect to the values published in Aartsen et al. (2018a) and the published event list 15 . This is due to updated low-level re-calibrations and an event-by-event treatment of the systematic uncertainties, which are applied to events of special interest such as IceCube-170922A. The updated best-fit location remains within the original 50% localization contour, and does not affect the conclusions in Aartsen et al. (2018a) .
The event deposited an energy of 97.4
+9.6 −9.6 TeV in the detector. Following the procedure in we obtain a fraction of neutrinos with this energy and arrival direction in the HESE alert stream of 29%.
Within the 90% error region of IceCube-141209A, we identify only one cataloged gamma-ray source (among all 3FGL and 3FHL sources), 3FGL J1040.4+0615. This is located at a distance of 0 • .70 from the best-fit neutrino position.
15 https://icecube.wisc.edu/science/data/TXS0506_alerts
Following the approach presented in Aartsen et al. (2018a) 16 , we estimate the p-value of the coincidence with GB6 J1040+0617 by considering the N s = 2257 extragalactic Fermi -LAT sources and their monthly light curves. Among all 30-day light curve bins of all sources, 9.5% show a brighter gamma-ray energy flux in the energy range from 1-100 GeV. The area of the 90% neutrino error circle corresponds to A ν = 2.24 sqdeg. The probability of finding an unassociated brighter source within the error circle is hence p = N s A ν /(4π) × 0.095 = 1%, which corresponds to a Gaussian equivalent one-sided probability of 2.3σ
17 . After correcting for trials introduced by having searched for associations with each of the 37 well-reconstructed high-energy neutrino events in the sample, the final p-value is 30%. In the following we study if the multi-wavelength features of this source indicate a connection to the high-energy neutrino.
The source is included in 3FGL as well as 3FHL as 3FHL J1040.5+0618. We note that it is not included in 2FHL, i.e. it is not a > 50 GeV emitter. It is among the brightest 26.1% (47.0%) 3FGL (3FHL) sources in terms of gamma-ray energy flux, for the 4-year (8-year) integration time. The most likely optical counterpart of this object is SDSS J104031.62+061721.7, located 1 arcmin from the 3FHL position, and associated with the low-synchrotronpeaked (LSP) BL Lac object GB6 J1040+0617. Further analysis of the IceCube-141209A region points out additional significant gamma-ray emission off-set from the direction of GB6 J1040+0617, and consistent with the blazar 4C+06.41. As discussed in the next sections, our detailed investigation indicates that this source awakened in gammarays in ∼mid-2015. We find no significant emission observed during the first 7 years of LAT monitoring, including the specific times around the IceCube-141209A detection. During the 9.6 years considered in this work, the brightest persistent gamma-ray emission observed is consistent with the blazar GB6 J1040+0617.
Gamma-ray region of IceCube-141209A
We perform the same likelihood analysis of the ROI as described in Sec 4. Investigating the 9.6-years gamma-ray events in the vicinity of 3FGL J1040.4+0615, we note signif-icant gamma-ray emission off-set from the sky direction of GB6 J1040+0617, and positionally consistent with the radio position of the bright flat-spectrum radio quasar 4C+06.41, at redshift 1.27 (Snellen et al. 2002) . This object is located at a distance of 0 • .22 from GB6 J1040+0617 and is neither in the 3FGL catalog nor the FL8Y list. In the second Fermi -LAT source catalog of AGN (Acero et al. 2015) , 4C+06.41 was tentatively associated with the gamma-ray object 2FGL J1040.7+0614.
In our ROI model, we therefore replace the single source 3FGL J1040.4+0615 with two point-like sources located at the radio positions of GB6 J1040+0617 and 4C+06.41 (Gregory et al. 1996; Lambert & Gontier 2009 ). Integrating over the whole 9.6-year LAT dataset, 4C+06.41 is detected with a T S det of 36, while GB6 J1040+0617 dominates the bulk of the observed gamma-ray emission with a T S det of 277. An examination of the temporal behavior of these objects in gamma rays is presented in section 5.2 and helps disentangling the gamma-ray emission observed from this region of the sky.
Furthermore, two additional new sources are found in the gamma-ray ROI, Fermi J1039.7+0535 and Fermi J1043.4+0654. This is not surprising given the longer integration time of our study with respect to the Fermi -LAT catalog (more than double the 3FGL one). In the counts map in Fig. 1 we refer to those sources as PS1 and PS2, respectively. PS2 is also included in FL8Y as FL8Y J1043.4+0651 and associated with the BL Lac object 5BZB J1043+0653. PS1 and PS2 are dim sources with T S det values of 36.85 and 26.27 in the 9.6-year data set. They are adequately modeled by power-law spectra with best-fit spectral indices of 2.11 ± 0.17 and 1.80 ± 0.21, respectively. Both gamma-ray sources lie outside of the IceCube 90% error contour. Based on the faintness of these sources and distance from the IceCube event, we do not investigate them further here.
Investigating the gamma-ray region of IceCube-141209A, we note two bright sources: 3FGL J1050.4+0435 detected with a T S det of 463, located 3 • .0 away from GB6 J1040+0617; and 3FGL J1058.5+0133, detected with a T S det of 8619, located 6 • .5 from GB6 J1040+0617. Since their gamma-ray flux is comparable to GB6 J1040+0617, we let their spectral parameters free to vary in the likelihood fit.
Gamma-ray light curve of GB6 J1040+0617
The adaptively-binned light curve starting at the optimal energy of 300 MeV of GB6 J1040+0617 highlights several gamma-ray flux variations, observed throughout the 9.6 years (see Fig. 5 ). The most clearly identified feature is a bright hard-spectrum state that lasts 721 days, from MJD 55753 to MJD 56474. During that state the source has a peak flux value of 2.8 ± 0.6 × 10 −8 ph cm −2 s −1 integrated in the energy range from 300 MeV to 1 TeV (a factor of 2.5 increase compared to the average flux) and an average power-law index of 2.08 ± 0.04. The source shows an increased activity that starts a few days before the IceCube-141209A detection and lasts 93 days, from MJD 56997 to 57090. The duration of this flare is defined by the bin edges of the two high-flux adaptively-binned time bins. Fig. 6 (left) shows the SED averaged over the time window from MJD 54633 to 57227 (where we have a significant detection of GB6 J1040+0617 with T S det of 451) compared to the hard bright state and to the SED during the 93 days around the neutrino arrival time. The average gammaray emission is well modeled by a power law with γ = 2.26 ± 0.04 and N 0 = 1.77 ± 0.08 ×10 −12 cm −2 s −1 MeV −1 . A likelihood ratio test similar to the one performed in Sec. 4.2 shows a hardening of the spectrum during the hard bright state at the 4.1σ level. Furthermore we find that the spectral shape during the hard state favors a log-parabola instead of a power-law model, with best-fit spectral parameters α = 2.03 ± 0.06 and β = 0.10 ± 0.03 (E b is fixed to 1 GeV) with a 19σ significance. We note that, during the bright hard state, there is an increase of at least a factor of 10 in the energy at which the high-energy component of the SED peaks.
During the 93-day window around the neutrino arrival time the source is brighter by a factor of 2.4 compared to the average integrated energy flux with a spectral shape compatible to the average one at one-sigma level. The best fit spectral parameters during this time are γ = 2.43 ± 0.11 and N 0 = 3.76 ± 0.55 × 10 −12 cm −2 s −1 MeV −1 . We do not find photons above 50 GeV during the 9.6 years of Fermi-LAT observations, consistent with the source not being included in the 2FHL catalog. During the bright hard state we find 10 photons above 10 GeV, which is compatible with 9.56 expected photons from the average spectral shape with fitted normalization during the flare time. We do not find an excess in high-energy photons because the spectral change is mainly due to a lack in low-energy photons caused by a shift in the high-energy SED peak to higher energies. We find one photon with energy larger than 10 GeV during the flare at the neutrino arrival time, which is consistent with the expectation of 1.54 photons obtained assuming the average spectral shape with fitted normalization during the flare time.
Gamma-ray light curve of 4C+06.41
Fig . 7 shows the adaptive binned light curve for 4C+06.41 starting at the optimal energy of 170 MeV beginning at MJD 57228. At earlier times no significant emission of the source is detected. The emission in the time window from MJD 57228-58193 is well modeled by a power law with bestfit parameters γ = 2.73 ± 0.05, N 0 = (2.05 ± 0.16) × 10 −13 cm −2 s −1 MeV −1 and reaches a T S det of 322. At the arrival time of IceCube-141209A the gammaray flux is below 1.44 × 10 −9 ph cm −2 s −1 at 95% confidence level, integrated in the energy range from 300 MeV to 1 TeV. The source is in flaring state during a 95-day period between MJD 57729 to 57824 where it outshines GB6 J1040+0617 which is not significantly detected. During the flare the source follows a power-law spectrum with best-fit parameters γ = 2.61 ± 0.07 and N 0 = (7.01 ± 0.75) × 10 −12 cm −2 s −1 MeV −1 .
Disentangling the Gamma-ray Emission
The light curves presented in Fig. 5 and Fig. 7 indicate that the gamma-ray emission from GB6 J1040+0617 dominates at earlier times, up to ∼mid-2015 when the object turned into a quiescent gamma-ray state, mostly below the detection sensitivity for the LAT. Mid-2015 is also the time around which 4C+06.41 starts to emit a detectable gammaray flux. To prove that the temporal coincidence of the on- set of the gamma-ray emission of 4C+06.41 and the drop in gamma rays from GB6 J1040+0617 is not due to source confusion at low energies, we repeat the analysis at >1GeV (not shown). Here the improved LAT PSF minimizes the risk of source confusion. We retrieve similar results at highenergies showing the robustness of our analysis. The radio-loud object SDSS J104039.54+061521.5 is located at RA, Dec = 160 • .16475, 6 • .2558, just 1 arcmin away from the radio position of GB6 J1040+0617. Figure 8 shows the best-fit gamma-ray localization, position and 99% error, for two putative sources called GB6-Fermi and 4C-Fermi, using the best statistics available (full 9.6-years dataset). We find that the best-fit gamma-ray positions (blue cross for the first and black for the second) coincide well with the radio positions of GB6 J1040+0617 and 4C+06.41 respectively (green and orange cross). SDSS J104039.54+061521.5 is located outside of both the 99% error circles (blue circle) and is thus excluded as responsible for the majority of the prolonged gamma-ray emission observed by the LAT. Adding another putative source at the radio position of SDSS J104039.54+061521.5 in our ROI does not significantly improve our model, yielding a significance of T S det = 0 for SDSS J104039.54+061521.5. We calculate a 95% flux upper limit for SDSS J104039.54+061521.5 of 8.8 × 10 −10 ph cm −2 s −1 for a power-law spectral shape with index of 2.0 integrated over the energy range from 100 MeV to 1 TeV.
As a sanity check, we run a dedicated analysis for the flaring time intervals to derive the best-fit localization of the gamma-ray emission. We find that the bright hard state and the modest flare around the neutrino arrival time are consistent with the position of GB6 J1040+0617 while the most recent enhanced gamma-ray emission is positionally consistent with 4C+06.41 (see Fig. 9 ). This is supported by the softer spectral shape observed during the most recent flare, matching well the one of 4C+06.41 (see Fig. 6 ). The association of the different flaring states to the two sources is supported by the temporal behavior of the two sources in optical wavelength (see Sec. 5.5) . Since 4C+06.41 does not show any significant gamma-ray emission at the arrival time of IceCube-141209A, we focus here on GB6 J1040+0617 for closer multi-wavelength study.
Multi-wavelength data collection
Archival observations of the gamma-ray sources in the IceCube-141209A region are available for several wavelengths.
Optical data in the V-band and g-band from the AllSky Automated Survey for Supernovae (ASAS-SN, Shappee et al. 2014; Kochanek et al. 2017) are processed by the fully automatic ASAS-SN pipeline using the ISIS image subtraction package (Alard & Lupton 1998; Alard 2000) .
We remove science images by eye that are obviously affected by clouds. We then perform aperture photometry on the subtracted science image using the IRAF apphot package, adding back in the flux from the reference image. The photometry is calibrated using the AAVSO Photometric All-Sky Survey (APASS; Henden et al. 2015) . Additional V-band data from the Catalina Sky Survey (CSS, Drake et al. 2009 ) are available from the public database and are based on aperture photometry. R and g band light curves from the Palomar Transient Factory (PTF) are obtained from the IPAC archive (Laher et al. 2014; Masci et al. 2017) and processed using forced PSF-fit photometry (Masci et al. 2017) on the subtracted images adding back the flux from the reference image. The long term optical light curve of GB6 J1040+0617 shown in the lower panel of Fig. 5 shows a similar flux variability pattern when compared to the gamma-ray light curve, including an excess coincident with the arrival of IceCube-141209A.
The optical light curve of 4C+06.41, recorded by ASAS-SN and processed as outlined above, shows a mild excess around MJD 57800 in coincidence with the gamma-ray flare attributed to 4C+06.41 (see Sec. 5.2). The OVRO radio light curve shows a very slow rise starting around MJD 56700 and peaks almost one year before the gamma-ray flare. Fig. 10 shows an SED of GB6 J1040+0617 compiled from archival data. Note that these data are not contemporaneous. X-ray data are taken from the third XMM-Newton serendipitous source catalog (Rosen et al. 2016 ) and the Swift XRT point source catalog (Evans et al. 2014 ). We observe a flux offset in the Swift-XRT and XMM-Newton -06 2010-11 2012-03 2013-07 2014-12 2016-04 2017-09 4C + 06.41 data, which we attribute to different observation periods. XMM-Newton data were collected in 2003 May while Swift-XRT observed the source between 2007 and 2011. Radio data come from the GB6 catalog of radio sources (Gregory et al. 1996) and the FIRST survey (Helfand et al. 2015) . Optical data are obtained from SDSS (Abolfathi et al. 2018) and far and near UV observations from GALEX (Bianchi et al. 2017) . Infrared data are obtained from WISE (Wright et al. 2010) . The SED shows the typical two-hump structure with the high-energy peak at ∼ 100 MeV and the lowenergy peak in the infrared around 0.1 eV, which makes it a low-peaked synchrotron source.
Conclusions
High-energy neutrino production in blazars is accompanied by the production of gamma rays at similar energies. While the neutrinos escape from the system, the gamma rays can interact and cascade down to lower energies. Sources bright at GeV gamma rays are capable of accelerating particles to high energies and thus may be good tracers for neutrino emission. This paper presents a detailed characterization of the gamma-ray behavior for the potential electromagnetic counterparts spatially consistent with two well- reconstructed IceCube neutrinos put into a multi-frequency perspective.
6.1. IceCube-170922A gamma-ray counterpart
In Aartsen et al. (2018a) TXS 0506+056 has been suggested as the counterpart of IceCube-170922A. The refined gamma-ray analysis presented here confirms that at the time of the neutrino detection this blazar was undergoing a major, prolonged gamma-ray outburst phase without significant spectral variations. However, during the time of the 2014/15 neutrino flare reported in Aartsen et al. (2018b) , we find neither an excess of gamma rays nor a significant gamma-ray spectral change with respect to the average. This could point to absorption of the gamma rays (Liu et al. 2018) or to an increase in the injection of protons, potentially explainable by hybrid models as the one proposed by e.g. Gao et al. 2018; Murase et al. 2018 . Reimer et al. (2018 have conducted a detailed investigation of the electromagnetic signal expected for photo-hadronically produced neutrinos in 2014/15 by TXS 0506+056. Comparing simulations to the observed data, they show that the link between gamma rays and neutrinos in this blazar may not be trivial. They derive the conclusion that in most of the considered scenarios the observed high-energy photons and neutrinos may be not casually connected. The bright gamma-ray flare in 2017 coincident with IceCube-170922A shows significant variations on short time scale (see Fig. 4 ). While the source is detected with high confidence on daily time scale, significant variations are only found on a weekly timescale (by the Bayesian Block algorithm). However, fast variability on 1-day time scale was found in > 100 GeV gamma rays by MAGIC (Ansoldi et al. 2018 ) and points to a compact emission region.
IceCube-141209A gamma-ray counterpart candidates
If IceCube-141209A is astrophysical in origin, then the lowsynchrotron peaked gamma-ray blazar GB6 J1040+0617 appears to be the most likely counterpart, assuming a direct correlation between the gamma-ray and neutrino emission. Under that assumption the neighboring FSRQs 4C+06.41 and SDSS J104039.54+061521.5 are less favored as the likely neutrino counterpart, because no significant high-energy emission was detected at the arrival of IceCube-141209A. However, in models that assume a different scaling of the neutrino flux with the electromagnetic emission, 4C+06.41 and SDSS J104039.54+061521.5 may be considered as potential neutrino counterparts (e.g. Stecker et al. 1991; Murase et al. 2016; Reimer et al. 2018) .
The variability pattern of GB6 J1040+0617 displays major and minor flaring episodes in both gamma-ray and optical wavelengths. At the detection time of IceCube-141209A the blazar showed an increase in the gamma-ray flux over 93 days, with respect to the 9.6 years averaged flux (Fig. 5,  panel 1) . A Bayesian block analysis confirms the flaring activity. However, the bulk of the > 300 MeV gamma-ray energy output is observed during the 721-day long high-flux state before the neutrino detection, as evidenced by the light curve shown in Fig. 5 (panel 1) . The source entered a lower active state roughly 100 days after the neutrino arrival.
Enhanced activity contemporaneous to IceCube-141209A is also supported by an overall steady increase in the object's flux in the optical band (Fig. 5, panel 3) . Simultaneous ASAS-SN observations confirm that, at the neutrino detection time, the blazar's optical flux was higher than average, and displayed the second brightest historical value (while the record-holder was the optical flare coincident with the bright hard gamma-ray state). A zoom-in of the optical light curve around the neutrino arrival time (Fig. 11) shows an increase compared to the low state by almost a factor of 10. We do not find a hint for fast gammaray variability during this period, while short-timescale flux variations were evident in the optical band. This could be compatible with the proton-synchrotron scenario discussed in Zhang et al. (2018) . However, low gamma-ray statistics and the lack of polarization information prevents us from probing the model predictions.
Assuming a redshift of 0.73, with the caveats mentioned earlier, the rest-frame energetics of GB6 J1040+0617 are similar to those of TXS 0506+056. The average gamma-ray luminosity between 100 MeV and 100 GeV Fig. 10 . Multi-wavelength SED in the observer frame for GB6 J1040+0617 using archival data, which are not contemporaneous. was 4.1 × 10 46 erg/s, which is 1.5 times larger than TXS 0506+056 (Aartsen et al. 2018a) 18 . The modest flare at the arrival of IceCube-141209A had a luminosity of 8.9 × 10 46 erg/s. We perform a rough estimate of the expected neutrino event rate assuming that the average neutrino flux reaches 18 Note that with an average redshift of Fermi-LAT BL Lacs of z = 0.3 the estimated luminosity of GB6 J1040+0617 reduces to 4.9 × 10 45 erg/s.
at most the level of the gamma-ray flux. In hybrid models the X-ray flux should be dominated by the hadronic component (e.g. Gao et al. 2018; Keivani et al. 2018 ) and therefore for our rough estimate we assume that the neutrino flux has to be higher than the X-ray flux. We assume a peak gamma-ray flux of E 2 dN/dE ≈ 5 × 10 −12 erg cm −2 s −1 , a minimum X-ray flux of E 2 dN/dE ≈ 2 × 10 −14 erg cm −2 s −1 and a neutrino spectral shape of E −2 . We use the IceCube effective area at the declination of GB6 J1040+0617 (which is similar to the effective area published in Aartsen et al. (2018b) for TXS 0506+056 using the 86-string configuration of 2015 May 18 to 2017 October 31). We find an optimistic expected number of neutrinos between 100 GeV and 10 PeV of 1.8 events per year and 0.7 events above 100 TeV for a neutrino flux as high as the peak gamma-ray flux and a pessimistic number of 0.01 per year between 100 GeV and 10 PeV and 0.003 per year above 100 TeV. An expectation value much smaller than one is compatible with the detection of a single high-energy event due to the Eddington bias discussed in Strotjohann et al. (2018) . This shows that GB6 J1040+0617 is a plausible neutrino-source candidate and motivates the search for TeV neutrinos at this source position similar to the one performed at the position of TXS 0506+056 (Aartsen et al. 2018b) , which is in preparation.
Gamma-ray blazars as neutrino source population
Only two of the 37 well reconstructed high-energy neutrino events satisfying the realtime trigger criteria are found to be positionally consistent with sources in the Fermi -LAT energy range. Finding two out of 18.5±1.8 events 19 originating from Fermi blazars is consistent with the blazar stacking limit performed in constraining the blazar contribution to the measured diffuse neutrino flux to < 30%.
Both TXS 0506+056 and GB6 J1040+0617 share similar properties: they belong to the BL Lac class, the former to the sub-sample of ISP and the latter to the one of LSP sources, and have comparable gamma-ray luminosities. Moreover, they are located at a similar declination, near the equatorial plane, which is viewed along the horizon from the South Pole. This is the sky region for which IceCube is most sensitive to high-energy neutrinos. While we do not have significant evidence that IceCube-141209A is associated with any of the gamma-ray objects identified in its vicinity, our multi-wavelength study suggests that based on its gamma-ray properties, GB6 J1040+0617 remains a plausible candidate for being a gamma-ray counterpart to the neutrino event. However, given the currently limited knowledge of the blazar jet properties and acceleration mechanisms leading to an uncertainty in the scaling of the neutrino flux with the electromagnetic emission and the lack of simultaneous multi-wavelength data, SDSS J104039.54+061521.5 and 4C+06.41 cannot be ruled out as possible counterparts of IceCube-141209A.
This work points to the importance of broad-band multi-wavelength and multi-messenger data to provide us with a more complete understanding of candidate neutrino counterparts. These will be a crucial ingredient in future searches for neutrino emitters, and hence cosmic-ray source populations.
